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FINITE DIFFERENCE QUANTUM TODA LATTICE VIA EQUIVARIANT 

A-THEORY 

ALEXANDER BRAVERMAN AND MICHAEL FINKELBERG 
To Vladimir Drinfeld with admiration 

Abstract. We construct the action of the quantum group Uvisin) by the natural corre¬ 
spondences in the equivariant localized X-theory of the Laumon based Quasiflags’ moduli 
spaces. The resulting module is the universal Verma module. We construct geometrically 
the Shapovalov scalar product and the Whittaker vectors. It follows that a certain generat¬ 
ing function of the characters of the global sections of the structure sheaves of the Laumon 
moduli spaces satisfies a u-difference analogue of the quantum Toda lattice system, reproving 
the main theorem of Givental-Lee (cf. [Z|)- Similar constructions are performed for the affine 
Lie agebra sin- 


1. Introduction 

1.1. This work arose from an attempt to understand the results of the paper [7| of A. Givental 
and Y.-P. Lee where the authors perform some computations related to “quantum AT-theory” of 
flag varieties (as well as some results from M related to 5d SU (n)-gauge theory compactified on 
a circle) in the framework of representation theory. Similar approach to quantum cohomology 
of flag varieties (and to partition functions of 4d gauge theory) is discussed in P and |5]. 

In [7] the authors consider the moduli spaces Qd introduced by G. Laumon in cni, m 
These are certain closures of the moduli spaces of based maps of degree d from to the flag 
variety 'B of sl„. 

A Cartan torus T of 5'L„ acts on 0^. The multiplicative group C* of dilations of P^ (loop 
rotations) also acts on 0^. The formal character of the (infinite dimensional) T x C*-module 
i?r(0d, Od) turns out to be a rational function on T x C*. One may form a certain generating 
function (1 of these rational functions for all degrees d. Computing the function presumably 
should give rise to a computation of the S'L„-equivariant quantum A-theory ring of B (which 
to the best of the authors’ knowledge has not yet been defined in the literature). 

A. Givental and Y.-P. Lee prove that Z satisfies a certain u-difference version of the quantum 
Toda lattice equations (here v stands for the tautological character of C*). Moreover, they 
suggest another way to construct solutions of the u-difference Toda system: as the Shapovalov 
scalar product of the Whittaker vectors in the universal Verma module for the quantum group 
Uv{5ln)- The latter construction was worked out independently in @], |T7|. 

1.2. The principal goal of the present paper is to identify these two constructions of solutions 

of the w-difference Toda system. Namely, we prove that the natural correspondences between 
the moduli spaces 0^ (for the degrees differing by a simple root) give rise to the action of the 
standard generators of 17„(s[„) on the localized equivariant A-theory (0d)- Here the 

localization is taken with respect to the (•) = C[T x C*], that is, we tensor everything 
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with the fraction field of C[r x C*]. This is needed since the above correspondences are not 
proper, but the subspaces of their T x C*-fixed points are proper (in fact, they are finite), 
so their action is well defined only in the localized equivariant if-theory. This way we get a 
?7„(s[„)-niodule, and we identify it with the universal Verma module M. We also compute in 
geometric terms the Shapovalov scalar product on M, and the Whittaker vectors. It turns 
out that the generating function for the Shapovalov scalar product of the Whittaker vectors 
is a simple modification of the Givental-Lee generating function fj. Thus we reprove the Main 
Theorem of Givental-Lee. 

1.3. There is a similar generating function J for equivariant integrals of the unit cohomology 
classes of Qd which controls the T-equivariant quantum cohomology of 25. It satisfies the 
quantum Toda lattice differential system, as proved originally by A. Givental and B. Kim. 

For the simple Lie algebras g other than sG there is no analogue of the Laumon moduli 
spaces Qd but there is Drinfeld’s moduli space of Quasimaps Zd(g). It also exists for the case 
of affine Lie algebras, under the name of Uhlenbeck compactification. In the s[„ case Qd is a 
small resolution of Zdisln)- In the affine s[„ case Zd(s[„) possesses a semismall resolution of 
singularities: the moduli space Td of torsion free parabolic sheaves on x endowed with 
some additional structures. Thus in the affine case we can define an analog of the function J 
which we denote by J^e (this is discussed in P). 

The generating function J (for any simple G) is known to satisfy the quantum (differential) 
Toda equations (cf. [S] and |H]). 

In the work the generating function J for equivariant integrals of the unit cohomology 
classes of Zd(g) was proved to satisfy the quantum Toda lattice by constructing the action of the 
Langlands dual Lie algebra g in the equivariant Intersection Cohomology of the Drinfeld com- 
pactifications. Also in the affine case the function Jas was shown to satisfy some non-stationary 
analog of “the most basic” (quadratic) Toda equation. Thus ^ offered a representation the¬ 
oretic explanation of the Givental-Kim results as well as generalized them to the affine case. 
And the present work is a multiplicative analogue of pQ in the simplest case of s[„. 

1.4. It would be extremely interesting to extend our work to other simple and affine Lie 
algebras. It would require something like an equivariant “IC iL-theory” of Z.d(g) which is 
not defined at the moment. In case of sl„ the IC cohomology of Zd(s[„) coincides with the 
cohomology of the small resolution 0^, while in the affine case of s[„ the IC cohomology of 
Zdisln) is a direct summand in the cohomology of the semismall resolution Td- Accordingly, 
one might look for the correct “IC AT-theory” of Zdisln) as an appropriate direct summand of 
the usual AT-theory of Vd- 

This is sketched in the Section 131 Namely, similarly to the case of Laumon spaces, the 
quantum affine group t/„(sl„) acts by the natural correspondences on the direct sum of localized 
equivariant AT-groups (BdK^^'^ However, this module looks more like the universal 

Verma module for C4(gl„), and we have to specify a certain submodule isomorphic to the 
universal Verma module for [A(sl„). Then we construct geometrically the Shapovalov scalar 
product, and the Whittaker vectors. It turns out that the Shapovalov scalar product of the 
Whittaker vectors can be expressed via the formal characters of the global sections i?r(lP£;, Od) 
as in the case of sQ. However, we were unable to derive any u-difference equation for the affine 
version of the generating function (J. 

1.5. Acknowledgments. M.F. is obliged to V. Schechtman, A. Stoyanovsky, B. Feigin, 
E. Vasserot, and R. Bezrukavnikov who, ever since the appearance of (3], urged him to 
consider its equivariant A'-theory analogue. While trying to guess the correct formulae in the 
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2. LAUMON spaces AND QUANTUM GROUPS 

2.1. We recall the setup of (H]. Let C be a smooth projective curve of genus zero. We fix 
a coordinate z on C, and consider the action of C* on C such that v{z) = v~^z. We have 
C^* = {0, oo}. 

We consider an n-dimensional vector space W with a basis wi,, Wn. This defines a Cartan 
torus T C G = SLn C Aut{W). We also consider its 2"“^-fold cover, the bigger torus T, acting 
on W as follows: for T 9 t = {ti,... ,tn) we have t{wi) = tfwi. We denote by 13 the flag variety 
of G. 

2.2. Given an (n — l)-tuple of nonnegative integers d= (di,..., d„_i), we consider the Lau- 
mon’s quasiflags’ space Qd, see El, 4.2. It is the moduli space of flags of locally free subsheaves 

0 c Wi c ... C W„_i c W = W ® Oc 

such that rank(Wfc) = k, and deg(Wfc) = —dfe. 

It is known to be a smooth projective variety of dimension 2di + ... + 2d„_i + dim®, 
see El: 2.10. 

2.3. We consider the following locally closed subvariety £ld C Qd (quasiflags based at oo g C) 
formed by the flags 

0 C Wi c ... C W„_i c W = W 0 Oc 

such that Wi C W is a vector subbundle in a neighbourhood of oo g C, and the fiber of at 
oo equals the span (wi,..., Wi) C W. 

It is known to be a smooth quasiprojective variety of dimension 2di + ... + 2d„_i. 

2.4. The group G x C* acts naturally on Qd, and the group T x C* acts naturally on Qd- The 
set of fixed points of T x C* on Qd is finite; we recall its description from [^, 2.11. 

Let d be a collection of nonnegative integers (dy), i > j, such that di = 

i > k > j we have dkj > dij. Abusing notation we denote by d the corresponding T x C*-fixed 
point in Q^. 

Wi = Oc(-dii • 0)wi, 

^2 = 0c(~d21 • 0)wi 0 Oc(~d22 • 0)w2, 

. 5 

Wn -1 = Oc(—d„_i 4 • 0)uii 0 Oc(—d„_i ^2 • 0 )ui 2 0 ■.. 0 Oc(—d„_i,„_i ■ 0)z(;„_i. 

2.5. For i g {1,..., n — 1}, and d = (di,..., d„_i), we set d 0 * := (di,..., di 0 1,..., d„_i). 
We have a correspondence £d,i C Qd x Qd+i formed by the pairs (W,, W',) such that for j i 
we have Wj = W', and W' C W^, see |S], 3.1. In other words, S.d,i is the moduli space of flags 
of locally free sheaves 

0 c Wi c ... w,_i c w' c w, c w,+i... c w„_i c w 

such that rank(Wfc) = k, and deg(Wfc) = —dk, while rank(W') = i, and deg(W') = —di — 1. 
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According to .10, Ed,i is a smooth projective algebraic variety of dimension 2di + ... + 

2dn-i + dim® + 1. 

We denote by p (resp. q) the natural projection td,i —> Qd (resp. —> Qd+i)- We also 

have a map r : £^,1 —> C, 

(0 c Wi c ... w,_i c w' c w, c w,+i... c w„_i c w) ^ supp(w,/w'). 

The correspondence £d,i comes equipped with a natural line bundle Li whose fiber at a point 

(0 c Wi c ... w,_i c w' c w, c w,+i... c w„_i c w) 
equals r(C,W,/W^. 

Finally, we have a transposed correspondence ^£d,i C Qd+i x Qd- 

2.6. Restricting to £}d C Qd we obtain the correspondence Cidy C 0d x Qd+i together with 

line bundle £,i and the natural maps p : ^ 0d, q : ^d,i —> Qd+i, r : ^d,i ^ C — oo. 

We also have a transposed correspondence ^€d,z C Qd+i x Qd- It is a smooth quasiprojective 
variety of dimension 2di + ... + 2dn-i + 1. 

2.7. We denote by 'M the direct sum of equivariant (complexified) iF-groups: 'M = 

[Q^- It is a module over = C[T X C*] = C[ti,... = 

We define M = 'M xc*(pt) Frac(Ar^^''' {pt)). 

We have an evident grading M = ©dAfd, Md = {Qd) ®A:Txc*(pt) Frac(Ar'^^'''* (pt)). 

2.8. The grading and the correspondences ~^€d,i,^d,i give rise to the following operators on 
M (note that though p is not proper, p* is well defined on the localized equivariant iF-theory 
due to the hniteness of the fixed point sets): 

K, = : Md ^ Md; 

: Md ^ Md; 

fi = P*q* : Md Md-i] 

Fi = . Md ^ Md_.; 

ei = © p*) : Md ^ Md+i, 

A, = ^ p*) . ^ 

2.9. We recall the notations and results of m in the special case of quantum group of SLn 
type. 

U is the C[z;, z)“^]-algebra with generators Ei, Lf^, , Fi, 1 < i < n — 1, subject to the 

following relations: 


( 1 ) 

( 2 ) 

(3) 

(4) 


ULj = LjL„ Ki = LlL^\ K, = L-^LIL-^^, K^-i = L-\lI_ 


L,E,L-^ = L,F,L-^ = F, 


TT- _ jr.p,. — }). . 


K,, - K. 


V — V 


-1 


i - j| > 1 => EiEj - EjEi = 0 = F^Fj - FjFi 


(5) \i-j\ = l EjEj-{v + v-^)E,EjE, + EjE^^ = 0 = FfFj-{v + v-^)F,F,F, + FjFf 
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Sevostyanov considers elements ei,fi G U depending on a choice of (n — 1) x (n — l)-matrices 
riij, Cij. We make the following choice: 


(h) — 2z, — z, 

otherwise riij = 0. 

(7) i ^ Tl 1 y C2^2-|_i — 1, — 1, 

otherwise Cij = 0. In other words, Cij = rnj — riji. 

Then we have 


( 8 ) 


h^=iA-iL^ 


-2^L^ 


F, = K-^F„ e, := E,L-\LfLl 


1+1 


i+l 


Clearly, the algebra U is generated by ei,L^ , ,fi, 1 < i < n — 
© above are equivalent to the relations ©- ini) below. 


= e,ki 

1, and the relations 


(9) 


L,e,L-i = ySi. 




( 10 ) 


^ifj ^ fjlli — 



V — V ^ 


( 11 ) 


I* - j| > 1 


CiCj ejCi — 0 — fifj 


fih 


( 12 ) 

\i-i\ = 1 


+ u ^)ejejej + u2'=«eje, = 0 = ff fj{v + v )/i/j/i+r: '"7^/; 


2.10. Remark. The elements fi of the subalgebra U<o generated by Fi,..., F„_i, Fi,..., Fr„_i 
were introduced by C. M. Ringel in HH] They are the natural generators of the Hall algebra 
of the A„_i-quiver with the set of vertices 1,... ,n — 1, and orientation i —> i + l. More 
generally, Ringel’s construction works for an arbitrary orientation of an ADE quiver, and 
produces Sevostyanov’s generators fi (in the simply laced case). It can be seen easily that the 
set of Sevostyanov’s matrices (parametrizing the choices of his “Coxeter realizations”) is in 
a natural bijection with the set of orientations of the corresponding quiver. 


2.11. We are finally able to formulate our main theorem. Recall the operators 
Ei, a, Lf^, , Ei, fi on M defined in 12.81 

Theorem 2 . 12 . The operators Ei, , Ei, 1 < i < n — 1, on M satisfy the rela¬ 
tions © ©. Equivalently, the operators Ci, , fi, l<i<n — 1, onM satisfy 

the relations ©, ©- CM- 

The relations © and © are evident. The relation © for i 7 J follows from a transversality 
property formulated in the next subsection. 
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2.13. We consider the subvarieties Pi 2 ^( 2 d,i) and P 23 ^( in 0d x 0d+i x 

Similarly, we consider the subvarieties pj” 2 ^( and p^g {(Ed-j,i) in Qd x Qd-j x Qd+i-j- 

Lemma 2.14. Fori ^ j the intersection (a) Pi2^(2:d,i)np23^( ~^<Bd+i-j,j) in 0^x0^+^ x0d+i_j 
(resp. (b) P 32 \ n P 23 {<^d-j,i) in Qd x Qd-j x Qd+i-j) is transversal. 

(c) P 12 i^dd) n P 23 ( ^d+i-j,j) — P 12 ( ~^^d-j,j) n P 23 {<Bd-jd). 

Proof. We prove (a). By definition, Pi 2 ^(€dd) is the moduli space of pairs of flags 

(0 C w; = Wi c = W 2 c ... c w' c w, c ... c w;_i = w„_i c w, 

0 c w"' c w"' c ... c w"'_i c w) 

of prescribed ranks and degrees, while p^ 3 ^( ~^<Bd+i-j,j) is the moduli space of pairs of flags 

(0 C Wi C ... C W„_i C W, 

0 c w; = w'l" c = w"' c ... c w' cw'f C...C w;_i = w"'_i c w) 
of prescribed ranks and degrees. 

Their intersection is the moduli space of flags (say, i < j) 

0 c w; = Wi = w"' c ... c w' = w'" c w, c ... c w' = 

= w, C W"' C... C w;_i = w„_i = W "'_1 C w 
of prescribed ranks and degrees which is smooth according to m, 2 . 10 . This implies that at 
any closed point of the scheme-theoretic intersection pf 2 {^d.i) H P 23 ^( ~^€d+i-j,j) the Zariski 
tangent space to pf 2 {€dd) n P 23 ^( ~^<Bd+i-j,j) is the intersection of tangent spaces to pf^i^dj) 
and p^ 3 ^( ^Gid+i-jj). Comparing the dimensions we conclude that the sum of tangent spaces 
to Pi 2 ^( 2 d,i) and p^ 3 ^( ^^d+i-j,j) must coincide with the tangent space to 0 d x 0 d+i x 0 d+i- 2 . 
Hence the intersection is transversal. This completes the proof of (a). 

In (b) we prove similarly that pC 2 ^( ^Gid-jj) H p^ 3 ^(G:d- 2 ,i) is the moduli space of flags (say, 

i < 3 ) 

0 c Wi = w"' = w" c ... c w'" c w, = w" c ... c Wj c 
c w"' = w" c ... c w„_i = w"'_i = w "_3 c w 

of prescribed ranks and degrees which is smooth according to cni, 2 . 10 . Hence the intersection 
is transversal by the same argument as in the proof of (a). This completes the proof of (b). 

Part (c) was proved in 3.6. We just recall that the mutually inverse isomorphisms send 
a triple (W.,W',,W"') to (W.,W",W'") where W" := W. -k W"', and a triple (W,,W",W"') 
to (W., W',, W"') where : = W. n W'". □ 

2.15. We return to the proof of relation © for i ^ j. The composition EiFj is given by the 
action of correspondence 

where / (resp. g) is a certain monomial in t (resp. v). 

Because of the transversality in p\ 2 ^i ®OodXQ,j+ xn^+i j P 23 ^^ed+i-j j ^ 

bundle £ij on pf 2 {^d.i) H p^ 3 ^( ~^€d+i-j,j) whose fiber at a point (W,, W',, W"') is equal to 

r(c,w,/w"'). 

Similarly, due to the transversality in 12.1 dl bl. the composition FjEi is given by the action 
of correspondence 

f{t)9'iv)Pl3*i^ij) 
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where /' (resp. g') is a certain monomial in t (resp. v), and is a line bundle on 
p^ 2 ^( n P 2 ^whose fiber at a point (W,, W", W"') is equal to r(C, Wi/W"'). 

Now the isomorphism in ESc) clearly takes £,ij to and a routine check shows that 
f{t)g{v) = f'{t)g'{v). This completes the proof of the relations © for i 7 ^ j. 

2.16. To prove the relation © for i = j we use the localization to the fixed points. 

According to the Thomason localization theorem (see e.g. [5]), restriction to the T x C*-fixed 
point set induces an isomorphism 



(resp. 



The classes of the structure sheaves [d] of the T x C*-fixed points d Isee 12.411 form a basis in 


Frac(Ar^^'^ (pt)). In order to compute the matrix coefficients of 


Ei, Fi in this basis, we have to know the character of the T x C*-action in the tangent spaces 
and also in the tangent spaces to the fixed points in the correspondences. This is the 
subject of the following Proposition. 

2.17. Note that a point (d,d') lies in the correspondence (£d,i if and only if dkj = d'f. ^ with a 
single exception d'^ = dij + 1 for certain j < i. 

Proposition 2.18. a) The character Xd ofTxC* in the tangent space T-^Qd equals 



l<A;,j<n —1 \ Z=0 n—l'>i'>k,j I- l<j<fc<n—1 


i: ‘IT Y. - Y Y - Y ‘l‘f 


dk — 1 ,j 



where we set dn,k = 0 . 

b) The character X(ddi) ofTxC* in the tangent space (d2i)^ii 



k<i 


k<i — l 


if d' j = dij + 1 for certain j <i. 


c) The character of T X <C* in the fiber of £,i at the point (d, d') equals f^v if 

^'i,j = + 1 - 


Proof. Let Q be the moduli space of flags of locally free subsheaves 


0 C Wi C Wa C ... C Wr C W 


of fixed ranks. Then the tangent space Tw.Q equals the kernel of 


0 Id - Id®® : ©;Hom(Wi,W/'W/) ^ ®/Hom(W/,W/W/+i) 


l<l<r 


where pi : W; ^ AVj+i; ® : W/W; ^ W/W;+i (see e.g. [7|, 3.2). 
The parts a), b) follow easily. The part c) is obvious. 
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2.19. Let US denote by = A (resp. SX( 22 ') ~ ^ character of T x C* in 

the symmetric algebra Sym* (resp. Sym* (d 2 ')^d,i)■ It is the inverse of the character of 

the corresponding exterior algebra, thus it lies in the fraction field Frac(iL^^''' {pt)). 

According to the Bott-Lefschetz fixed point formula, the matrix coefficient P*Qg, ^ of P*q* ^ 

Md' —> Md with respect to the basis elements [d] S (Qd), [d'] £ {Q^) Isee I2.16|l 

equals Sx(d~d')l^Xd'- Similarly, the matrix coefhcient q*(£j ® P*)|i d'] (g) p*) : Md 

Md’ equals A^.dq^Xy.dq/'SXd- 

Hence, the matrix coefficient E^2d>] Md> equals 

(i-l)di-i + (i+l)di+i-2idi-i \ _ _ Q-^ ~ ~ / 

And the matrix coefficient F.q^^'] oiFi : Md —> Md' equals ^j/S'Xd- 

Thus, Proposition rrm admits the following Corollary. 

Corollary 2.20. 

p__ _jL-i-l.ii-l„,(i-l)di_i + (z+l)di+i-2zdi-G2 -2di,3 „ 

i[d,d'] “ ^i+1 L e Cj-C X 

(1_^2)-1 JJ- ^_^2^-2^2d,,;.-2di.,^-l JJ- _^2^-2^2d,_i,,-2di.,^ 

j^k<i k<i—l 

if d[ j = di j + 1 for certain j < i; 


i\d,d!] ~ L+iL e 




(l-u 2 )-i J] {I-tit 

j^k<i 




)■' n 


— 2^,2di i—2d 




k<i-\-l 


if d'^ j = dij — 1 for certain j < i; 

All the other matrix coefficients of Fi,Fi vanish. 

Now the relation 0 boils down to the following identity. 

Proposition 2.21. 




+lf 


.,-1 


(1 _ = 


j<i 


kAj 


k<i 


k<i—l 

-j2t]v-^<^ii-tit 

j<i 

kM 


-2.y2di,3-2di+i^i+2^^2^ _ ^2^^^-2^2di_j-2di+i,i+i+2^ ^ 






k<.i 


n 


j k 


— 2 2di j—2di^i u-\-2 \ / -j i2j.—2 2di_i k—2d. 




k<i — l 


X 
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Proof. We introduce the new variables q := v"^; Sj := tjv , I < j < i] rk '■= tiv ^ i < 

k < i + 1- Pk ■= , 1 < k < i — 1. Then the LHS of 12.211 equals 

(1-.) 

y k=l i=l j=l k=l 

while the RHS of l2.21l equals 

i i — 1 / z+1 i—1 k^j 

nn Pk^ ■ ^k)~^{sk-qs^y^ - 

j—l k—l y j<i k—1 k—1 k<i 

i+l j -1 k^j 

“ <l'^k)Y[iPk - Sj) ]^(sj - qsk)~^{sk - Sj)-^ 
j<i k—1 k—1 k<i 

Dividing both the LHS and the RHS by n;=is,n;= 1 Pk ^ arrive at 

(1 - 9)(9 n ®7^ ii p>^ n rk-y= 

j^l k^l k^l 

i-\-l i-1 k^j 

9 ^ 7 ^ ■ sk)~^{sk - qsj)~^- 

j<i k—1 k<i 

i+l i -1 k^j 

51^7^ YliPk - Sj) n(Si - qSk)~'^iSk - Sj)-\ 

j<i k—1 k—1 k<i 

If we subtract the LHS from the RHS we obtain a rational expression in Sj of degree 0, that 
is, the degree of numerator is not bigger than the degree of denominator. We see easily that 
as Sj tends to oo, the difference of the RHS and the LHS tends to 0. The possible poles of the 
difference can occur at Sj = 0, Sj = Sk, Sj = qsk, Sj = q~^Sk. We see easily that the principal 
parts of the difference at these points vanish. We conclude that the difference is identically 0. 
This completes the proof of the Proposition. □ 

2.22. To finish the proof of relation m we note that the commutator correspondence EiFi — 
FiEi is concentrated on the diagonal of £ld x This is proved exactly as in T;emma, f2.1 41 

~ ~ L 

In other words, EiFi — FiEi is given by tensor product ? i-^? ® Xi for certain Xi S Md- This 
means that in the basis [d] the operator EiFi — FiEi is diagonal. Now the Proposition 12.211 
computes the matrix coefficient {EiFi — j proves that it equals Imj- This 

completes the proof of the relation ©■ 

2.23. Alternatively, the relation m follows from the next Conjecture. We consider a 2- 

dimensional vector space with a basis rDi,tD 2 . Let 1 be a torus acting on toi (resp. 102 ) via a 
character rf (resp. t|). Let Soi.Os be the moduli stack of flags of coherent sheaves 21Ji C 2112 
on C locally free at 00 G C, equipped with a trivialization 2IIi|oo = (toi), 2 IJ 2 I 00 = (rDi,rD 2 ), 
and such that deg2IJi = —hi, = —h 2 - We have a natural correspondence (£0 1 C 

3 i)i ,02 ^ 3 oi+i, 02 -i formed by the pairs (21Ji, 2 IJ 2 ; 211^, 2 IJ 2 ) such that 211^ C 2ni C 2 II 2 = 2117 
The projection (£0^ ^ 3di,02 (resp. (£o^ —> 3 d'i,02) i® denoted by p (resp. q). Finally, 
doj is equipped with the line bundle £ 0 ^ whose fiber at the point ( 2 IIi, 2 IJ 2 ; 21 J'i, 2117 equals 

r(C,21Ji/21J'i). 
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The stack 3i)i,02 is smooth, and acted upon by T x C*. So it makes sense to consider the 
operators 

/:= P*q* : 

(3oi,02)®A:2:xc»(p()Frac(it'‘^^''' (pt)) ^ (3i)i-i,b2+i)®a^xc*F rac(it'‘^^'‘' (pt)), 

e := — ®p*) : 

(3o„ 02) ® A^xc. (p,) Frac(iF^xC* (pt)) ^ (3i„+i,02-i) ® a-xc (p,) Frac(iF^xC* 

K = rf : 


^^^^*(3c,i.D 2) ®A-xc.(p,) Frac(iF^xC*(p^)) ^ ®K^>.c^ipt) FiaciK^^^'(pt)) 

Conjecture 2.24. ef — fe = ^Z^-i ■ 

2.25. To derive the relation 0 , or equivalently, m for j = i from Coniecture l2.24l we consider 
the map 

3 d: Od^ 3 d.-d._iA+i-d., W. >-> (W,/W,_i,W,+i/W,_i). 

Then we have 


(^d ^ 3di—dj_i + l,di+i—di —l) — ^^di-di_i + i,di^i-d^-l ^di—di-i ^d,i C ^d. ^ ^d+2- 

We also have the natural maps 

^d,i ■ ^d,z ^ ^di—di_i5 
^d,i ■ ^d,I ^ ^di—di — i: 

l)d,i ■ ^d—i,i ^ ^d—i,i ^ ^di—d^-i—1 ® ^di—d^-i — lj 
lid,2 ■ ^d,2 ^ ^d,i ^ ^di—di-i ^ ^di-di — i- 

We may consider (resp. fi,e,f) as an element of iF^xC .) (resp. iF’^xC j- 
iF^xC*(g^^_^^_j^ iF^xC*( We evidently have 

^^d,if = /i- 

Moreover, according to [ia,8.2 (Restriction of the convolution to submanifolds), we have 


(13) *f)=ei* fi, '[l|,,(/ * e) = fi * a. 

We already know from the argument in 12.221 that the correspondence Ci * fi — fi * Ci acts as 
tensor multiplication with a certain class Xi £ Md- Similarly, the correspondence e * f — f * e 
acts in iF’^xC (3di-di_i,di+i-di) ®KT'^^'‘{pt) Fi'ac(iF’^xC g^g tensor multiplication with a 

certain class X G (pt) Frac(iF^xC gy must have 

Xi = l*d'3i. Thus the relation (IIOII for j = i follows from Conjecture 12.241 
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2.26. To complete the proof of Theorem 12. 1 2l it remains to check the relations 0), 0. To this 

end we consider the algebra U given by the generators Ei, 1 < i < n — 1, and the 

relations O- 0 . Thus, U is the quotient of U by the Serre relations. 

We extend the scalars to Frac(C[Lf ..., we set 

U' = U®c Frac(C[Lf \ ..., U' = U Frac(C[Lf \ ..., L^W) 

Note that U' acts in M, so U' acts in the quotient M of M by the two-sided ideal 3 in U' 
generated by the Serre relations. So it suffices to check that M = M, or equivalently, 3M = 0. 

Now M has the size of the universal Verma module over U' which is an irreducible U'- (and 
U'-) module. In effect, a bijection between the set {[d]}, and the set of Kostant partitions for 
sin is defined e.g. in |H], 2.11. Hence we only have to check that 3M ^ M. But any element 
a: £ 3 of principal grading degree 0 annihilates the lowest weight vector [(0 ,..., 0)] of M since 
we may shift the generators ei in the expression of x to the right. 

This completes the proof of the Serre relations in M along with the proof of Theorem 12.121 

2.27. Remark. (A. Joseph) We have constructed a basis {[d]} in the universal Verma module 
M over U. Though we can not identify it with any known type of basis, the parametrization of 
this basis coincides with the polyhedral realization of the crystal base of 17+(sl„) corresponding 
to the reduced expression in the Weyl group of SLn- 

Wo = Sn-lSn-2 ■ ■ ■ SlSn-lSn-2 ■ ■ ■ 32 ■ ■ ■ S„-iSn-23n-l 

(see 221 )• 


2.28. Recall that the universal Verma module M over [/ is equipped with the symmetric 
Shapovalov form (,) with values in Frac(C[T x C*]). It is characterized by the properties 

(a) ([do], [do]) = 1 where [do] = [( 0 ,..., 0 )] is the lowest weight vector; 

(b) (EiX, y) = (x, Fiy) ^ x,y G M. 

We will write down a geometric expression for the Shapovalov form. Evidently, the different 
weight spaces of M are orthogonal with respect to the Shapovalov form. We consider the line 
bundle Vi on whose fiber at the point (W.) equals det i?F(C, W^). We also define the line 
bundle V := Du 


Proposition 2.29. For Si, S 2 £ M 4 we have 


(Si, S 2 ) = Si ® S 2 ® v)] 


Proof. Since det RT is multiplicative in short exact sequences, we have an equality of line 
bundles on the correspondence 2:^,1 : p*D = q*D 0 Xlu Now the projection formula shows 
that the operators p*q* and q*(i2i ( 8 ) p*) are adjoint with respect to the pairing Si,S 2 
RT{Qd,Si (8 S 2 <8 V). Finally, it is easy to see that the u,t-factor takes care of the scaling 
coefficients of our Ei,Fi. □ 


2.30. While the operators Ei,Fi are conjugate to each other with respect to the Shapovalov 
form, the operators e^, fi are not. In fact, obviously, e* = It is known that a completion 

of the universal Verma module M contains a unique vector t = (resp. to = tOd) such 

that t(o,...,o) = fD(o,....o) = [(0, • ■ ■, 0)], and fii = (I — (resp. e*rD = (I — for any 

i (the Whittaker vectors). 

The following proposition gives a geometric construction of the Whittaker vectors I, to £ M. 


12 


ALEXANDER BRAVERMAN AND MICHAEL FINKELBERG 


Proposition 2.31. a) id = [Od] (the class of the structure sheaf of Qd); 


Proof, a) We have q*Od+i = .. Furthermore, since p x r ; (Bd,i —> Qd x (C — oo) is proper 

and birational, and both the source and the target are smooth, we have (p x r)*[Og^ J = [0^ Kl 
[Oc-oo]- In effect, (p x r)*0e^ . = O^KlOc-oo, and the higher direct images i?>°(p x r)*0g^ ^ 
vanish. Finally, pr^[0d ^ Oc-oo] = (1 — where pr : Qd x (C — oo) ^ £}d is the 

projection to the first factor. 

b) Recall that e* = Kf^fi. Thus we have to check that fi[D'^^-] = {I — 

Furthermore, recall that on <td,i we have a canonical isomorphism = 

£,i (g) . By the projection formula we are reduced to 

(14) p4£,] 


This can be calculated in the basis [d] where we already know the matrix coefficients of our 
operators (see Corollary 12.2011 . More precisely, by the Bott-Lefschetz fixed point formula, we 
have to check 

' n (1 

j^k<i k<i—l 


E^: 

j<i 


2 ^- 2 dy 


(l-u^)- 


0"^ n (1= 


Recall the change of variables we used in the proof of ProDOsition l2.21l sj := , 1 < j < 

i; pk ■= 1 < k < i — 1. Then we have to prove 

j<i k<i k<i—l 

This follows immediately from the well known identity 

E n (pfe-■si) =^- 

j<i k<i—l k<i 

This completes the proof of the Proposition. □ 


Corollary 2.32. 

( — 1)21 ?=l^ diy'E7=( 


The Shapovalov scalar product of the Whittaker vectors equals {td, fOd) = 

df-z’^ d,d._,-i:"- d. [jiYiQd, Od)]. 


2.33. According to the works a, ini, the appropriate generating function of the Shapovalov 
scalar product of the Whittaker vectors satisfies a u-deformed (w-difference) version of the 
quantum Toda lattice equations. Let us recall the required notations and results. 

We introduce the formal variables zi,..., z„, and we set Qi = exp(zi —z^+i), z = 1,..., n — 1. 
We set h = log(z;), so that v = exp(fi). We introduce the shift operators T^, z = 1,..., n, acting 
on the space of functions of zi,..., z„ invariant with respect to the simultaneous translations 
/(zi,... ,z„) = /(zi +z,... ,z„ +z). Namely, we set Ti/(zi,... ,z„) = /(zi, ...,Zi+h,.. . ,z„). 

We define the following u-difference operators: 


(15) 


n n — 1 

® ■= E T"+E q*t,t,+i 

1=1 i=l 


(16) 


© := T? + Tl{l - Qi) + ... + T^(1 - Q„_i) 
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We also consider the following generating functions: 


(17) 


3 


n—1 


2=1 


K 




n—1 


(18) 


A=n«i 


- log(ti- -t^) 


j2[Rmd,0d)]Qi^---Qt-i 


Then according to the last formula of m (or equivalently, the formula (5.7) of ^), we have 


(19) 

In effect, the seeming discrepancy between the formula (Unil above, and the formula (5.7) of g] 
is explained by the fact that (a) our v corresponds to g of g]; (b) our Whittaker vectors have 
eigenvalue (1 — u^)“^, whereas the Whittaker vectors of g] have eigenvalue 1, which takes care 
of the factor {q — in the second summand of the formula (5.7) of g]. 

Now the argument of g], section 6 (see the formula (6.5)) together with Corollary 12.521 
establishes 


(20) 

thus reproving the Main Theorem 2 of [7|. 

3. Parabolic sheaves and affine quantum groups 

In this section we want to generalize the previous results to the affine setting. 

3.1. Parabolic sheaves. We recall the setup of g]. Let X be another smooth projective curve 
of genus zero. We fix a coordinate x on X, and consider the action of C* on X such that 
u{x) = u~‘^x. We have X*- = {0x,oox}- Let S denote the product surface C x X. Let Dqo 
denote the divisor C x oox U c»c x X. Let Dq denote the divisor C x Ox. 

Given an n-tuple of nonnegative integers d = (dp,... ,d„_i), we say that a parabolic sheaf 
T, of degree d is an infinite flag of torsion free coherent sheaves of rank n on S : ... C T-i C 
To C Ti C ... such that: 

(a) Tfe+„ = Tfe(Do) for any k; 

(b) chi(Tfc) = fc[Do] for any k: the first Chern classes are proportional to the fundamental 
class of Do; 

(c) c/i 2 (Tfe) = di ior i = k (mod n); 

(d) To is locally free at and trivialized at Doo : To|doo = W ® Odcx,! 

(e) For —n < k < 0 the sheaf Tfc is locally free at Do^, and the quotient sheaves 
Tfe/T_„, To/Tfc (both supported at Do = C x Ox C S) are both locally free at the point 
ooc X Ox; moreover, the local sections of T^loocxx are those sections of To|oocxx = W <S) Ox 
which take value in (wi,..., Wn-k) C IF at oox € X. 

According to g], 3.5, the fine moduli space of degree d parabolic sheaves exists and is a 
smooth connected quasiprojective variety of dimension 2do + ... + 2d„_i. 

The group T x C* x C* acts naturally on Vd, and its fixed point set is hnite. 
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3.2. Correspondences. If the collections d and ^ differ at the only place i G I := hfn'Z, and 

d- = di + 1, then we consider a correspondence Ed,i C x ‘J’d' formed by the pairs (J,, 
such that for j (mod n) we have , and for j = i (mod n) we have if' C 3^j. 

It is a smooth quasiprojective algebraic variety of dimension + 1. In effect, the 

argument of [3, Lemma 3.3, reduces this statement to the corresponding fact about Laumon 
correspondences (see 2.10). 

We denote by p (resp. q) the natural projection Ed,i J’d (resp. Ed,i J’d')- For j = i 
(mod n) the correspondence ^ is equipped with a natural line bundle whose fiber at (IL,, 
equals r(C, Finally, we have a transposed correspondence C x IP^. 

3.3. We denote by 'M the direct sum of equivariant (complexified) df-groups: 

'M = It is a module over = C[f x C* x C*] = 

C[ti,...,t„,u,u : ti -tn = 1]. We define M = 'M (8)^Txc*xc*(pt) Frac(iL^^‘'^*^''^*(pt)). 

We have an evident grading M = 0dMd, Md = (Td) (8)^f-xc*xc*(pt) 

{pt)). 

3.4. The grading and the correspondences ^Ed^, Ed^ give rise to the following operators on M 
(note that though p is not proper, p* is well defined on the localized equivariant iL-theory due 
to the finiteness of the fixed point sets): 

K, = : Md ^ Md, 

C = mu". 

For i = 0,..., n — 1 we define Li = !*("•-») : Md —> Md (that is, Lq = 

fi = p*q* : Md ^ Md-*; 

For n > 2 and i = 0,..., n — 1 we define Fi = : Md —> Md-i, 

For n = 2 we define Fi = fi, 

Ci = ® p*) : Md ^ Md+i, 

For n > 2 and i = 0,..., n — 1 we define Ei = —0 p*) : Md ^ 
Md+z, 

For n = 2 we define Ei = ei. 

3.5. Sevostyanov’s form of affine quantum SL^. Let / denote the set Z/nZ of residue 
classes modulo n. 

It is the C[u, u“^(-algebra with generators Ei, , Fi, i g Z/nZ, subject to the 

following relations: 

(21) L,Lj = LjL„ K, = 

(22) LjEiLJ^ = v^'’^Ei, LjEiLJ^ = Fi, C is central 

(23) E,Fj - FjE, = <5z.j ~ 

(24) \i - j| > 1 E.,Ej - EjEi = 0 = F)F), - 

(25) 

n > 2 & \i-j\ = 1 ^ EfEj-{v + v-^)E,EjE, + E,Ef = 0 = F^ Fj - {v+ v-^)F,FjF, +F^F^ 
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(26) n = 2k\i-j\ = l EfEj-{v'^ + l + v-'^)ElEjEi + {v^ + l + v-^)E,EjEl-EjEf=Q 

(27) n = 2k\i-j\ = l EfEj-{v^ + l + v-^)FfEjE, + {v^ + l + v-^)F,F,F^-E,Ef=Q 

For n > 2 we also consider elements e,, /i S U depending on the following choice of n x n- 
matrices , Cij (cf. jT^], Remark 3): 

(28) 2 — 1; — 1, ^ — d? 

otherwise = 0. 

(29) — 1, Ci-|_i^2 — 1, 

otherwise Cij = 0. 

Then we set 

(30) fi := LiL^^-^Fi, Ci := EiL^ ^Ti+i- 

Clearly, the algebra'll is generated by e^, Lf^ , fi, i S Z/nZ, and the relations (1^ - 

(1251) above are equivalent to the relations (EH- (EH below. 

(31) LjCiLJ^ = Ci, LjfiL~^=v~^''^fi, C is central 

(32) ei/j - fjC^ = Si^j —— 


(33) 


I* - j| > 1 


CiCj ejCi — 0 — fifj 


fjh 


(34) 

\i-j\ = 1 


e,_ej-v’''^{v + v )e,eje, + v = 0 = /^ fj-v^^'^iv + v )fifjfi+v 


3.6. The following is an affine analogue of Theorem 12.121 Recall the operators 
Ei, a, , Fi, fi, i G I, onM defined in 13.41 

Conjecture 3.7. The operators Ei, , Fi, i G I, on Jd satisfy the rela¬ 

tions m-ji T Equivalently, if n > 2, the operators Ci, , Lf^ ,C, fi, i G I, satisfy the 
relations \2w . l.Vil) - 

3.8. We can prove Conjecture ITtI for n > 2 . Let us sketch this proof. It is parallel to the 
proof of Theorem ITT21 In effect, the relation EH for i ^ j follows from the transversality 
statement absolutely similar to Lemma T2.14l More precisely, the argument of 0 (Lemma 3.3), 
reduces the required smoothness to that proved in Lemma r2.1 41 

The relation (13211 for j = i follows from Conjecture 12.241 bv the argument of 12. 2 51 Since we 
can not prove Conjecture at the moment, we will derive the relation EH for j = i from 
its weaker but accessible form. 

To this end we consider the following closed substack Soi.oj 3 i)i,D2 - Recall that a coherent 
sheaf SUi (resp. 12112) contains the maximal torsion subsheaf SHU* (resp. 2I1|°’’®) with the 
locally free quotient sheaf 2n{’'“ (resp. Moreover, we have SRi ~ 
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(resp. 2IJ2 — 2n|°’'®©2U2’'®'^). The closed substack 3 ;)i,d2 Soi.Os classifies the fiags of coherent 
sheaves (with trivialization at cx) £ C) IZUi C 2112 such that deg2n{’''^'^ < 0 > We 

define (S'd^.d^) as the /f-group of T x C*-equivariant coherent sheaves on the smooth 

stack 3ai.D2 supported on the closed substack 3 di,d2 - Note that for any d = (di,..., d„_i) the 
map 3d : 0d —> 3di-di-i,di+i-di factors through the same named map into the closed substack 
ydi-di.i,di+i-di- Similarly, for any d = (do, di,..., d„_i) the map 

33ft ■ ^ft ^ 3di — di_i — di 5 i ^ (Ti/T2 — 1, ff2+1 /ff2—1) 
factors through the same named map into the closed substack 3d._di_i di+i-di- 

Let (2Ui C 2U2) be a 1 X C*-fixed point of 3Di,a2- ''(2irica»2) denote its locally closed 

embedding into 301,52- ^'*^^(2 HiC 2H2) stand for its automorphisms’ group. One can easily 

check the following 

Lemma 3.9. There exists n, i, 1 < i < n — 1, d= (di,..., d„), and a fixed point d £ 0^ 
such that 

(a) 3d(^) = (2IJ1 C 2II2); 

(b) 3d(T X C*) is a maximal torus of Aut^^^(-^^y 

3.10. One way to prove Conjecture 12.241 would be to reverse the argument of 1 2.2 51 a,nd derive 

it from the relations llOII for all n,i. In effect, we must compute (notations of 12.2511 X £ 
K'^xC (3 j,^ Frac(iL‘^^'‘' {pt)) while we know 3^^ for all n,i,d such that di — 

di-i = c)i, di-|_i — di — TI 2 (also, the homomorphism of tori T„ —> T acts on the characters as 

^1 — tij T2 — ^2+1). 

Let us denote by (3oi,02) Frac{K'^^'^* (pt)) the restriction of X to 

V 

,02 ■ 

The Lemma HL 91 implies that the kernel Keri of the direct product of inverse images 
n 4 : ^^^^*(3'oi,02) ^K^xc^ipt) Frac(if^xc*(pt)) ^ Y[ 

n,i,d n,i,d 

coincides with the kernel Ker 2 of the direct product of restrictions 

n ^iw,cw.) ■■ ^^^^*(3;i, 02) Frac(iL^xC*(pt)) ^ 

(2ITiC!ro2)G(3ii,2,2)‘=^><'* 

(2»ic2»2)e(3ii,2,,)^xc<' 

It follows that for any n, i, 0 < i < n — 1, d = (do,..., d„), such that hi = d^ — di_i, 1)2 = 
di+i — di, the kernel Keri = Ker 2 is contained in the kernel Kers of the inverse image 

33d : ^^"^*(3 ;i,02) ipt)) ^ M, 

By the argument of 12. 2 51 we know that if) = ^3^1 modulo Keri, and hence the same holds 
modulo Ker^. The argument of loc. cit. then shows that the relation (P|) for j = i holds in 

M. 

3.11. It remains to check the Serre relations. The relations for negative generators follow from 
the relations for positive generators because they are adjoint with respect to the nondegenerate 
Shapovalov form, see rrrni below. So it suffices to consider the relations (P^ . 123 between 
Ei,Ej, i j. It is here that we need the assumption n > 2 for technical reasons. Namely, for 
n > 2 we can find k G I such that i k j. 
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We consider an n-dimensional vector space with a basis roi,..., tTi„, and a torus T acting on 
Wi by the character rf. Let 3r!, be the moduli stack of flags of coherent sheaves 2IJi C ... C Wn 
on C locally free at oo G C, equipped with compatible trivializations 211; joo = (foi, • • ■, tu;}. 
Note that 3n has connected components numbered by the degrees of 2U;, which for n = 2 
coincide with the stacks 3 oi, 02 - Absolutely similarly to l 2 . 2 fll we introduce the correspondences 
between various connected components, which give rise to the operators ,..., E^_^ on the 
localized equivariant itT-theory of ^n- 

As in Ifl.Hl above. we have a closed substack 3^ C 3n classifying the flags such that deg < 

0 , 1 <l <n. 

We have a map 

^ 3 n) •) ' ^ (fffc+l/lb/e CZ . . . CZ 

factoring through the same named map T’d 5n- I^or any N > n, and m such that 0 < m < 
N — n, and d= {di,..., dvr), we also have a map 

3m,d : O-d 3n, (y^m+l/'^m C . . . C 

factoring through the same named map Qd 3 m 

Now the argument of 12.251 shows that the Serre relation between Ei,Ej would follow from 
the Serre relation between Ef,,E^, for certain i\j'. Though we cannot establish the latter 
relations, the argument of Id. 101 shows that they hold modulo the subspace Keri (because we 
already know the Serre relations for sIat with arbitrary N), and also shows that this suffices to 
derive the former relations. 

This completes the proof of the Serre relations for n> 2. Thus, Coniecture lfl.Tl is proved for 
n > 2. 


3.12. Similarly to 12.201 we will write down a geometric expression for a Shapovalov form on 
M, that is a symmetric Frac(C[r x C* x C*])-valued bilinear form on M such that (ifiWi, m 2 ) = 
(mi, Eim 2 ) for any i G I, and mi, m 2 G M. The different weight spaces of M will be orthogonal 


with respect to this geometric Shapovalov form. For i = 0, ...,n — 1, we consider the line 


bundle Di on Dd whose fiber at the point (T.) equals det i?F(S, Ti_„). We also define the line 

bundle Dd {E>r=o^ For Si, S 2 G Md, we set 

(35) 


(Si,S2) := ^"= 0 ‘^''i+T,i=o 


didi+i+5Z "= 0 ^ {n-2i)di ^-do 


Y[tf-‘^*-^Rri?d,5i(^52(^D£) 


i=0 


Clearly, the form (,) is nondegenerate, since the classes of the structure sheaves of the T x C* x 
C*-fixed points form an orthogonal basis of M. 

The following proposition is proved exactly as I2.2bl 


Proposition 3.13. Fori G /, Si G Md, S 2 G Md+i we have (ifiSi,S 2 ) = (Si,FiS 2 )- 

3.14. We define a formal sum in a completion of M as follows: n = X)d% Sdl®^ = 
X)d[® 3 >d]- We also consider the following formal sum: u = X)d% where 


(36) 




Ud = V 


=0 rfi<^i+i-Er=o^("“2i+l)di 


.2d, 


2=1 


2di 


i-2di 


[D 


-ll 


Proposition 3.15. a) n is a common eigenvector of the operators fi with the eigenvalue (1 — 
b) ll is a common eigenvector of the operators e* with the eigenvalue (1 — u^)“^. 
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Proof, a) is proved exactly as ProDOsition l2.dll fal. 

To check b) we argue as in the proof of Proposition 12. if II (b), and reduce it to 

(37) p4U] = 

To verify this we recall the setup of 12. 231 and claim that in the notations of loc. cit. we have 

(38) 

In effect, (1551) is deduced from llT5l) by the argument of l3.1()l Finally, (1571) is deduced from (1551) 
by the argument of 12. 251 

The Proposition is proved. □ 


Corollary 3.16. The Shapovalov scalar product of the Whittaker vectors equals (n(j,Ud) = 


(-i)5:r=7 


-o‘ 




R^C^d, Od)- 


3.17. We define M' C M as a minimal ll-submodule containing the lowest weight vector 
[0,..., 0]. The relations (1551) show that M' is generated from [ 0 ,..., 0 ] by the action of operators 
ei, i G I. Clearly, M' is isomorphic to a universal Verma module over IX. 


Conjecture 3.18. The class of the structure sheaf [0^ lies in JA!^. 

In what follows we shall assume the validity of Conjecture 13.71 fas was explained above this 
is actually not an assumption for n > 2). 

Proposition 3.19. The class of lies in 

Proof. We have M = M' 0 M" where M" is the orthogonal complement of M' in M with 
respect to the Shapovalov form. We have to prove that is orthogonal to M". Let 

A G Suppose A = aB for some i G I and B G Then {A, [D))'^]) = {B, e*[D'^^]). 

Thus up to (an invertible) monomial in t, u, v we have {A, = {B, [D^f.]). Hence, arguing 

by induction in d we may assume that A G M)) is orthogonal to the image of any e^. Then 
e*7l = 0 or, equivalently, fiA = 0 for any i G I. Up to (an invertible) monomial in t,u,v we 
have {A, = i?r(lPd, A). Thus we are reduced to the following claim for d 7 ^ (0,..., 0): 


(39) fiA = 0ViGl => RTitPd, A) = 0 . 

We will derive (1551) from the corresponding claim in the equivariant (complexified) Borel- 
Moore homology C^d). Let Tdy^ denote the equivariant Todd class in the completion 

of the equivariant cohomology. Let also ch* denote the homological Chern character map 
from the equivariant iL-theory to the completion of the equivariant Borel-Moore homology (see 
e.g. 0). We define 

a := Tdy, U ch* B e (Td) 

By the bivariant Riemann-Roch Theorem (see e.g. 0, 5.11.11) we have ch*(/iB) = 
chH<(p*q*B) = p*q*a where in the RHS p* and q* refer to the operations in the (localized 
and completed) equivariant Borel-Moore homology. We also have i?r(lPd, B) = Jy^a. Since 
ch* is injective, and the operation ? Tdy^ U? is invertible, the claim (1551) follows from the 
corresponding claim in the equivariant Borel-Moore homology i'^d)- 



(40) 


fio = 0 V j G / 


a = 0. 
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Here fi = p*q* is a part of the action of the afRne Lie algebra s[„ on OJl := (Td) 

(localized and completed equivariant Borel-Moore homology). The positive generators act as 
ti = —q*p*. This can be checked along the lines of llLSfmri but simpler. 

Reversing the argument in the beginning of the proof, we see that innii is equivalent to the 
statement that the fundamental cycle S (T^) is contained in the subspace fOt' of 

37t generated by the action of i € I, from [T(o_...^o)]- 

Recall the semismall resolution morphism tt^ : Td ^ to the Uhlenbeck flag space, 
see [H]. By the Decomposition Theorem of Beilinson-Bernstein-Deligne-Gabber, the direct sum 
of (localized and completed) equivariant Intersection Homology 'Tl := (CUrf') is a 

direct summand of 9Jl. 

Now PP defines the action of sin on 'VJl, and one can check that the action of pQ is the 
restriction of the above s[„-action on OH. It follows that 'OH = VJl'. Finally, it is proved in 
that £ 'dJl. 

This completes the proof of the Proposition. □ 


3.20. We conclude that u is the unique Whittaker vector in the completion of the Verma 
module M' with the lowest weight component U(o,,,,,o) = [(0; • ■ ■ jO)] (the common eigenvector 
of e*, i £ I, with the eigenvalue (1 — r)^)“^). 

Let n' £ M' be the unique common eigenvector oi fi, i £ I, with the eigenvalue (1 —u^)“^ and 
with the lowest weight component = [(0,... ,0)]. Then n' is the orthogonal projection 

of n onto M' along M". Hence the Corollary 13. 1 til yields the following 


Corollary 3.21. One has 




(_1)L.=, 




' didi 


1 


"^[i?r(Td,Od)]. 


3.22. Some further remarks. The next natural step would be to study the generating func¬ 
tion of all [i?r(Td, Od)]’s in a way similar to subsection 12.331 let us denote this function by 
daff- The cohomology (as opposed to if-theory) analogue of this is performed in PP and |2. 
In particular, in ^ it is shown that such a function is an eigen-function of a certain linear 
differential operator of 2nd order (the “non-stationary analogue” of the quadratic affine Toda 
hamiltonian). This fact is used in [2] in order to show that certain asymptotic of this function 
is given by the Seiherg-Witten prepotential of the corresponding classical affine Toda system. 
This agrees well with the results of m about a similar asymptotic of the partition function of 
N=2 supersymmetric gauge theory in 4 dimensions. 

Unfortunately, in the present (RT-theoretic) case we can’t derive any good equation for the 
the function (laff- Thus we do not know how to generalize the results of [2] to this case. One 
can probably show that the results of d on 5d gauge theory imply that a similar asymptotic 
(when the classical affine Toda lattice is replaced by the classical affine relativistic Toda) is 
valid for the function 3aff, but we do not know how to derive it from Corollary rnn 
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